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The sufficient conditions are established for the existence of a stable limit
cycle for systems of the form
r=y, Y=—g@—fo@y—...—[n@y"
for n = 2 and n = 2m 4 1. The conditions of the theorem of existence and
uniqueness of the solution are assumed to hold,
1, Consider the system
=y, Yy =—ylh@y+fo@—g@ (1.1)
introducing the notation

Fi(z) = exp <§f1 () dx>, F (2) =2SF1 (@) fo (2} 1z — ﬁi F?fx)
0

0 0
r@=2{F’@g@dz+ {F1@) F @) fo@ax
1] 0

X
1
Q@W=r@——7F @ G@= § g (z) dx
0
Theorem 1, System (1,1) has at least one stable limit cycle, provided that the
following conditions hold:
1, Numbers a << » << 0 << ¢ < d and A > 0 exist such, that the functions F (z)
and £ (x) have the following consecutive signatures :
g(.‘t)<0 fOl' xe(a, 0)1 g(z)>0 fOl' ZE(O, d)
F@<0 for z&(ab), F(©>0 for z&(b,0)
F@)<0 for z&(0,¢0), F(@)>0 for z&(c.d)
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2 M=min{Q @)Q @) >Q@+ [V =ETFB@F @@ +*IF @I
for z [b, ¢]

3. fo(0)<
Proof, let us consider the family of curves
@ y=Fr@) P+ F@F@y+r@=C 1.2)
From this we have
2= F; @ [ S F@y 4y C—-Q (:c):] (1.3

Let m = sup {Q (z})} for b <2 < ¢ and M = min {Q (a), @ (d)}. Using arguments
identical to those in [1] we can show that for ¢ & (m, M] Eq, (1.2) defines a family
of simple closed curves enclosing each other and the coordinate origin and such, that
C increases on passing from the inner to the outer curves, Differentiating (1.2) we
obtain, by virtue of system (1, 1) and noting that F,’(z) — F; (2)f; {z) = 0,

A0/ dt = —ht — F, (z) F (z) g () (1.4)

We shall show that on the curve @ (2, y) = M, d®/de <0

In accordance with Condition 1 we have, on the intervals (a, b) and (¢, d), Fy (z) F
{x) g (z) > 0. Consequently d® / dt < 0 on the parts of the curve lying between the
straight lines x = a and z = 6,and between x = ¢ and z = d.

Let us determine the sign of d® /dt on the interval [b, ¢] on the upper arc y = y; (),
and on the lower arc y = ¥, (z) of the curve, with y; (z) and ¥, () defined by (1, 3) in
which the plus and minus signs are taken appropriately,

Let b < 2 < 0. Then F (x) > 0 and from the Condition 2 we have

n@>V—aF(2) F(z)g (@

The latter, together with (1,4), imply that on the arc ¥y = y; (), d®/ dt << 0 . Further,
since F (z) >> 0, then —; (x) > v, (z). Consequently, dd / dt < 0 on the arc ¥ = y; (2)
Thus d®,/ dt <C 0 for z & (b, 0) on both the upper and lower arc of the curve @ (z, y) =
M. We can show in a similar manner that d® / dt < 0 on this curve also in the inter-
val (0, c).

Let us consider another family of curves

P =Y+ G =C (1.5)

It is clear that this is also a family of simple closed curves enclosing each other and
the coordinate origin and such, that ¢ increases on the passage from the inner to the
outer curves, Differentiating (1, 5) we obtain, by virtve of (1, 1),

dp / dt = —y? lyh () + fo (2)]

At the point O (0, 0) we obtain yf, (z) + fo (#) = fo (0) << 0 (according to Condition
3), Consequently @¢ /dt > U on the curves belonging to (1, 5) and corresponding to
sufficiently small C.

Taking a curve belonging to (1,5) on which dp/ dt >0 and the curve @ (z, yy = M
on which d® / dt < 0, we obtain an annulus contained between these two curves, and
all trajectories ot the system (1,1) are directed into this annulus, Since the annulus has
no singularities, it contains at least one stable limit cycle,
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The proof shows clearly that d® / d¢t <0 not only on the curve @ (z, y) = M, but
also on any curve @ (z, y) = C, where € & (m, M], provided that the inequality in Con-
dition 2 holds when M in this condition is replaced by C. In particular, d® / dt <0
on the curve @ (z, y) = N, where

N=swp{Q @+ [V=AFP@F@)e@ +%IF@[1 if ¥N>0

Thus we obtain a certain estimate for the position of the limit cycle on the phase plane,
It lies in the region bounded by the curve @ (z, y) = N.

2. Let us consider the system

T=y, Y=—yf(zy—g@ (2.1)
am
f@ =D k@y*
k=0

Theorem 2, System (2,1) has at least one stable limit cycle, provided that the
following conditions hold :
1, A number K exists such, that f,, () > K > 0 for all z,
2. lim z@™ R ) =0, k=1,2,...,2m—1

X400

3 fo(0)<0, fo(z)>—+o0 for 2100 and z——oco

x
4, z2g(=x>0 for 240, Sg(x)dx—>+oo for z—-oo

0
Proof, Assume that the topographic family for the system (2,1) is represented by
X
i
@ (r,y) ==-v_g-y3+‘§g(x)dx: c
0

Differentiating this equation we obtain, by virtue of the system (2,1),
dd / dt = —y*f (z, y) (2.2)

We shall show that a number R >> 0 exists such, that f (z, ) > 0 on any circumference
z == rces®, y=rsin® for which r > R . At the points of the circumference we have

0<r<+oo)

{2.3)
0<CO2n

2m
i,y = 2 rEsink 0fy (rcos0) = F (r, 0) (
k=0
Let us inspect the sign of this function in the upper semiplane, i, e, for 0 {6 < n.

By the condition that f, {(£%0) == -+ co we can find a number r, such, that forr > ry,
the inequalities F {r, 0) > 0 and F {r, 1) > 0 hold, Since the function ¥ {r, 0} is con-
tinuous , a number 8, exists such, that when r >r,, F (r,0) >0 for 8 < [0, 6,] and
0 e [n — 0;, n]. By Condition 1 of Theorem 2, Eq, (2, 3) implies that a number r,
exists such, that F (r, n / 2) >> 0 when r >/, But in this case a number 9, can be found
such that F (r,0) >0for 6 = (n/2 — 0y, /24 0,) and r >r,.

It remains to confirm that F (r, b) > 0 for sufficiently large r when 0 < (8,,n/2 —
By) and 8 e=(n/2+ 0y, n — 0,). By Condition 2 of Theorem 2, a number r; can be
found for any & > 0 such, that for all § belongingto these two intervals when | rcost | >
r3, and consequently for r > r,, the following inequality holds:

| f (r cos8) | < rF | cos 8 (M Ke < r2m e k=1,2,...,2m—1)

For these r and 6 we have
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2m—1
l Z rEsink 0 1y (rcos 0) | <C P20, gy = (2m— )¢ (2.4)
k=1
Clearly, in each of these two intervals sin 0 > sin 8,. Therefore, taking the Condition 1
into account, we have
$in2™ Bfap, (r €05 0) — &1 >>sin®™ 6K — &
Setting e; < K s5in?™ 8; we obtain
Sin2™ @ fap, (rcos 0) — ey >0 (2.5)
with r >r, 0 (0, n/2—0)) and 8 = (n/ 2+ 8y, a — 6,).
By Condition 3 a number M >0 exists such, that

fo (rcos®) -~ M >0,

for any values of the product rcos9, i.e, for any r and 8. Taking into account this
inequality as well as (1, 5) we can assert, that a number rs can be found such that when

r>r,
r3™ [sin2™ @ fa,, (r cos 0) — &1] -+ [fo (rcos Q) - M] — M >0 (2.6)

From (2,4) and (2, §) follows

2m—1
PAM SI02™ § for (r cos B) - fo (r c0S 0) > r27e; > { S RS0 f(reos®)|  @7)
k=1

for r>max{rs,rs}, 6= (O, /2 —0) and 0 e (/24 0, m —0)). By equality (2, 3)
which defines the function F (r, 0), the inequality (2, 7) is equivalent to the statement
that F (r, 8) > 0 for the r and 6 shown above, Setting R; == max {ry, r, 73, 71} we
find that f (r, 8) > 0 for 8 = [0, n] and r > R,. Similarly, we can prove that a number
R, exists such that 7 (r, 8) > 0 for r > R, and o < 0 < 2.

Thus if R = max {#;, R,}, then F (r, ) >0 for r > R and 0 |0, 2n]. This means
that f (z, ¥) > 0 on any circle with center at the coordinate origin and of radius r > R,
i,e, f (2, ¥) .> 0 at all points of the plane lying outside the circle of radius R. In par-
ticular, f(z, y) > 0 on any curve belonging to the family @ (¢, y) = C lying outside
this circle, But then , according to (2,2), on these curves we have dD / dt < 0. Onthe
other hand, by Condition 3 f (U, 0) = f, (0) < 0. Consequently f (x, y) <0 in suffici~
ently small vicinity of the coordinate origin and, according to (2.2), d® / dt > (0 on
the curves @ (z, y) = ¢ for sufficiently small values of C.

Taking together one of these curves and any other curve of the same family lying
outside the circle of radius R we obtain an annular region contained between these
curves, and all trajectories of (2,1) are directed into this annulus, Since this region has
no singularities, it contains at least one stable limit cycle,
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